A parallel computation is applied to study the flow past a pair of cylinders in tandem at Reynolds numbers of 1000 by Domain Decomposition Method. The computations were carried out for different sets of arrangements at large scale. The modeling by domain decomposition was validated by comparing available well-recognized results. Two cylinders with different diameters were further investigated; for different diameter ratios, the wake width ratio and some properties of the critical space ratio that dominates the flow regime were discovered. This result has important implications on future industrial application efforts as well as codes and standards related to the two-cylinder structure.
Introduction
Cylinder is one of the most common structures in engineering, such as piers and chimney, the struts of offshore platform, the pipe of condenser, and more. When fluid flows through the cylinders, the shedding vortex may cause interference effect. This effect may lead to the vibration of the cylinder structures or fatigue of the materials and as a result, the structure may be destroyed. Due to its importance in engineering applications, flow past two cylinders has been studied by experimental and numerical investigations for several decades [1] . As early as 1977, Zdravkovich classified the characteristic of flow past two cylinders in tandem into three regimes at low Reynolds number (Re). For more complicated applications, Wu et al. [2] studied two cylinders in tandem with wind tunnel and water tunnel at the Re of 1000. The flow visualization in the water tunnel showed the existence of streamwise vortices in spanwise direction. To make out the relationship between different arrangements of two cylinders and Re, Mittal et al. [3] studied incompressible flows past two cylinders in tandem and staggered arrangements (Re = 100 and Re = 1000) by a stabilized finite element method (FEM). Jester and Kallinderis [4] investigated the incompressible flow about fixed cylinder pairs numerically and cylinder arrangements include tandem, side-by-side, and staggered at Reynolds numbers of 80 and 1000. Hysteresis effects and bistable biased gap flow in tandem arrangements were reproduced. Different combinations of Re and arrangements of cylinders have been reported by many [5] [6] [7] , as is reported in [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and summarized by Sumner [1] ; most of the early researches on this problem contribute to the flow structures induced by different spacing ratios ( / ), Re and variant cylinder shapes.
Recently, there has been a lot of interest on the diameter ratio ( / ) of two cylinders in tandem. Zhao et al. studied turbulent flow past two cylinders with different diameters numerically. The hydrodynamic force and vortex shedding characteristics were proved to depend on the relative position of small cylinders around the main cylinder [18] . Mahbub Alam and Zhou investigated the Strouhal number, hydrodynamic forces and flow structures, and vortex shedding frequency of flow past two cylinders in tandem with different diameters in wind tunnel [19] . The diameter of upstream cylinder varied from 0.24 to 1 of the downstream cylinder diameter and the distance between two cylinders remains 5.5 times of the diameter of the upstream cylinder. DingYong et al. conducted the simulation of different spacing ratios and different diameter ratios at Re = 200 using Fluent [20] . Besides two cylinders, Zhang et al. determined the influence of the diameter ratio on the flow past three 2 Mathematical Problems in Engineering cylinders in two dimensions by applied finite element method [21] .
As far as we know, the flow structure of two cylinders in tandem affected by the changing of diameter ratio and spacing ratio is still uncertain, and the computation scale of numerical experiments published research is very limited. To investigate the flow regime more concretely and more subtly, large-scale simulations by Domain Decomposition Method (DDM), which is considered to have better accuracy and less time cost when comparing with conventional methods, are implemented [22, 23] . The large-scale modeling was validated by comparing with others' reports for two cylinders of the same diameter with different spacing ratios. Moreover, to study its influence to the flow past two cylinders in tandem more comprehensively, the flow structures at specified diameter ratios ( / = 0.5 and / = 1) with different spacing ratios ( / : 3-6) are investigated. The critical spacing ratio that affects the flow regime is expected to be determined for different diameter ratios.
This paper is organized as follows: Section 2 introduces the governing equations to be solved as well as the domain decomposition method (DDM). In Section 3, the models and the boundary conditions are described in detail. Numerical results for different spacing ratio and different diameter ratios ( / = 1 and / = 0.5) are present and compared with others' work in Section 4. At last, Section 5 draws the conclusions of this work.
Formulations

Governing Equations.
Let Ω be the boundary of a threedimensional polyhedral domain Ω.
1 (Ω) is the first order Sobolev space and 2 (Ω) is the space of 2nd power summable functions on Ω. Under the assumption that the flow field is incompressible, viscous, and laminar, the solving of the model can be summarized as finding ( , ) ∈ 1 (Ω) 3 × 2 (Ω) such that for any ∈ (0, ), the following set of equations hold [24] : 
with the Kronecker delta and the viscosity [kg/(m⋅s)]. An initial velocity 0 is applied in Ω at = 0. Dirichlet boundary conditions and Neumann boundary conditions
are also applied, where Γ ⊂ Ω and is the outward normal direction to Ω.
Characteristic Finite Element Scheme. Using the definition
a characteristic finite element scheme approximates the material derivative in (1) at as follows: [23] 
where 1 (⋅, ⋅) is a position function; see Figure 1 . Let I ℎ ≡ { } denote a triangulation of Ω consisting of tetrahedral elements and the subscript ℎ denotes the representative length of the triangulation. The finite element spaces are defined as follows:
where the 0 (Ω) 3 in (7) denotes the continuous function on Ω in three dimensions. 1 ( ) 3 denotes the first order polynomial defined by in three dimensions.
Note that piecewise linear interpolations are employed for velocity and pressure (see (7) and Figure 2 ), which does not provide a sufficient condition to link the velocity and pressure space; therefore, the so-called inf-sup condition [25] should be satisfied. In previous work [26] , a penalty Galerkin least-squares (GLS) stabilization method for pressure [27] Mathematical Problems in Engineering was employed and it was found difficult to be applied for the simulation of complex flows; especially when the flow is very turbulent, the scheme becomes easy to diverge. A stabilization technique for the saddle point problem is employed and the finite element scheme for (1) read as follows [22] .
Let (⋅, ⋅) defines the 2 inner product; the continuous bilinear forms and in (8) are introduced by
respectively. The following stabilization parameter is employed:
where ℎ denotes the maximum diameter of an element and ‖ ⋅ ‖ ∞ is the maximum norm. A weak coupling of finite element scheme in (8) is applied and the element searching algorithm for LagrangeGalerkin method only needs to be implemented once in each nonsteady loop [23] .
Domain Decomposition Method.
The calculating area is a cuboid. The left side of the model is the entrance and the right side is the free outlet. The inlet is placed 5 to the upstream cylinder and total length is 26 . The nonslip boundaries are placed 5.5 above and below the cylinders. The height is 4 ; see Figure 3 for a two-dimensional projection of the threedimensional model.
In order to investigate the relationship between them by large-scale simulation, a parallel computation by DDM [22, 23, 28, 29] , which is considered to have better accuracy and less time cost, is implemented in this work. In the domain decomposition system, the whole computation domain is split into nonoverlapping parts, where is the number of threads; in each smaller part, an FEM process is preceded. For the comparison of efficiency of DDM and FEM, please see [23] .
A Linux cluster (Intel Xeon E5606@2.13 GHz × 44, LV RDIMM 12 GB@1333 MHz × 44) in Sun Yat-sen University was used for this computation. For each computation model, 176 threads were created, as can be seen in Figure 4 .
For each computational model, nonsteady time step is set to 0.01 s and the number of total simulation time is 10 s. The maximum number of Degrees Of Freedom (DOF) is up to 16.6 million and it takes the cluster about 5.8 hours. Details of the computations for each model can be found in Table 1 .
Modeling and Boundary Conditions
Air is assumed to be the fluid in this work. is the distance between the two centers of the cylinders. The diameter of upstream cylinder is d and the diameter of downstream cylinder is ( = 0.025 m). The time step is 0.01 s and total computation time for each model is 10 s.
The kinematic viscosity of the fluid is 0.000015 m 2 /s at constant temperature and Re = 1000. The velocity of the coming flow is 0.6 m/s. The air flows into the model with a constant horizontal velocity from the left to the right. The vertical velocity is prescribed to zero. The model of two cylinders in tandem with different diameter is shown in Figure 5 . The diameter of the upstream cylinder decreases to 0.5 . The diameter of the downstream cylinder remains the same; / is 0.5.
Result and Discussion
This section presents the results of numerical simulations for two cylinders in tandem with different spacing ratios ( / ) and diameter ratios ( / ). To confirm the results, the visualization of computational results was conducted and it showed the details of flow field. Micro AVS by CYBERNET SYSTEMS was used to plot Figures 5-14. 
Validation.
In order to validate the current modeling, numerical results of two cylinders of the same diameter with different spacing ratios ( / ) were compared to wellrecognized results. Figures 6 and 7 show the comparison of current results with the numerical results reported by Jester and Kallinderis [4] .
As is shown in Figure 6 , there is a recirculation between the two cylinders at / = 2. The vortex shedding occurs only behind the downstream cylinder.
At / = 2.15, both reattachment and two vortex streets occur between two cylinder, which presents a bistable state [4] . When reattachment occurs, the vortices shed from the upstream cylinder fluctuate and reattach to the downstream cylinder; see Figure 7 . Recirculation is observed between the two cylinders and vortex shedding is observed behind the downstream cylinder all the time at steady state.
At / = 2.5, the vortex shedding occurs behind both upstream and downstream cylinders, as is shown in Figure 8 . The vortex sheds from the upstream cylinder sharply and impinges to the downstream cylinder.
The computational results are also validated by comparing with the experiment conducted by Wu et al. [2] , and the comparison of the vortex contour is shown in Figure 9 .
As can be seen from Figure 9 , the numerical and experimental results agree with each other very well: the vortices separate from the upstream cylinder reattach to the downstream cylinder. The vortex shedding occurs only after the downstream cylinder. There is no independent vortex street between two cylinders.
The computational results present the same characteristic and tendency with recognized results of other researchers. The characteristics of the flow and the vortex shedding are both performed as expected. The numerical experiments also convinced us that the parallel computation with Domain Decomposition Method has good accuracy and efficiency in large-scale simulation, which encouraged us to move forward to investigate the effect of the diameter ratio. 
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The Effect of Diameter Ratio.
According to the research conducted by Ding-Yong et al. [20] , the diameter ratio has strong effects on the characteristic of flow field around two cylinders in tandem. In the research, the downstream cylinder had smaller diameter than the upstream one. With the increasing of the diameter ratio ( / ), the critical spacing ratio increases. Mahbub Alam and Zhou also investigated flow past two cylinders in tandem with different diameters experimentally in wind tunnel [19] . The diameter of upstream cylinder varied from 0.24 to 1 of the downstream cylinder diameter. However, the spacing ratio kept 5.5 times of upstream cylinder diameter.
To determine the influence of the diameter ratio ( / ) to the flow field more comprehensively, this paper conducted the study by decreasing the diameter of the upstream cylinder to half of the downstream cylinder. The space between two cylinders remains the same as the corresponding simulation at / = 1. The visualization of the flow field shows the characteristic between the gap and vortices street. In all arrangements, the vortex shedding occurs behind both upstream and downstream cylinders. However, the volume of the vortices and the complexity of wake flow are different.
As can be seen from Figure 10 , at / = 3, the vortices are smaller and but the wake behind downstream cylinder is wider at / = 0.5 compared with / = 1. With / = 1, the vortices shed from the upstream cylinder sharply and impinged to the downstream cylinder. At / = 0.5, the interference on the upstream cylinder is less than that at / = 1. In Figure 11 , at / = 4, the vortices are smaller at / = 0.5 compared with / = 1. The wake behind the downstream cylinder shares about the same area for / = 0.5 and / = 1. The interference on the upstream cylinder is smaller at / = 0.5 than that at / = 1.
At / = 5, the vortices and wake behind the downstream cylinder appears smaller and narrower at / = 0.5 compared with / = 1. The interference on the upstream cylinder is much smaller at / = 0.5 than that at / = 1; see Figure 12 .
At / = 6, the vortices and wake behind the downstream cylinder are much smaller and narrower at / = 0.5 compared with / = 1. The interference on the upstream cylinder is negligible at / = 0.5 than that at / = 1; see Figure 13 . Overall, the wake after the downstream cylinder at / = 0.5 is clearer than that at / = 1. The vortices that shed from the smaller upstream cylinder impinge to the downstream cylinder and lead to a simpler behavior of wake. It is supposed that there exists a critical spacing ratio dominating the flow regime. Additionally, the different diameter ratio also gave rise to the change of critical spacing ratio. From Figures 10-13 , it is known that (1) When the spacing ratio is less than the critical value, there are only few vortices shedding after the downstream cylinder but no vortex shedding occurs after the upstream cylinder; see Figure 10 (b).
(2) When the spacing ratio reaches the critical value, the vortex shedding occurs after both cylinders; see Figure 11 (b).
(3) When the spacing ratio keeps increasing, the vortices shed from the upstream cylinder will not attach to the downstream cylinder, and there will be two independent vortex streets; see Figure 13 (a).
It can be seen that the critical spacing ratio increases with the increasing of diameter ratio. Moreover, the critical Mathematical Problems in Engineering spacing ratio at / = 1 is between 3 and 4, and the critical spacing ratio at / = 0.5 is smaller than 3. This phenomenon coincides with what we know: decreasing / leads to the narrower wake and smaller vortices after the upstream cylinder [19] ; before / reaches the critical value, the vortex street is suppressed between the two cylinders [30] . To explain the mechanism behind this, wake width ( ) is measured for Figures 10-13 and wake width ratio is defined by / ; see Figure 14 . At / = 0.5, the wake and vortices behind upstream cylinder are narrower and smaller, which reduces the interference between the two cylinders, leading to the narrower wake behind downstream cylinder as well. At / = 1 and / = 3, the vortex street is suppressed behind the upstream cylinder. Consequently, the wake width is narrower compared to the case at / = 0.5, / = 3. However, the wake behind the upstream cylinder is no longer suppressed when keep increasing the spacing ratio. Thus, the interference increases. At / = 1, the wake behind the upstream cylinder is wider than at / = 0.5. The increasing of spacing ratio will even cause wider wake behind the downstream cylinder due to stronger interference, until two independent vortex streets occur.
Conclusions
This paper tested the parallel computation with Domain Decomposition Method in large-scale computation by simulating flow past two cylinders in tandem. The arrangements of spacing ratio / between 2 and 6 with diameter ratio / equal to 1 and 0.5 were studied.
(a) By applying this method to simulate flow past two cylinders in tandem and comparing the results with others' work, it showed that the results have better accuracy and the computation costs less time. The credibility and the viability were verified. The method will have broad application in large-scale computation in the future. (b) The diameter ratio plays an important role in flow past two cylinders in tandem. The upstream cylinder with smaller diameter will decrease the vortex volume and the interference between two cylinders. With a decreasing of / , the vortices behind the upstream cylinder appear more but smaller. Meanwhile, with an increasing spacing ratio / , the wake becomes narrower at / = 0.5 but becomes wider at / = 1. (c) The critical spacing ratio increases with the diameter ratio increasing. Moreover, the critical spacing ratio at / = 1 is between 3 and 4, and it is smaller than 3 at / = 0.5.
In real word engineering, the structure of cylinders is more complicated, which should be considered in future study.
